Abstract. The classification of even-homogeneous complex supermanifolds of dimension 1|m, m ≤ 3, on CP 1 up to isomorphism is given. An explicit description of such supermanifolds in terms of local charts and coordinates is obtained.
Assume that M 0 is compact and connected. It is well-known that the group of all automorphisms of M, which we denote by Aut M, is a Lie group with the Lie algebra H 0 (M 0 , (T M )0). (Recall that by definition any morphism of a supermanifold is even.) Let us take any homomorphism of Lie algebras ϕ : g → H 0 (M 0 , (T M )0). We can assign the homomorphism of Lie groups Φ : G → Aut M to ϕ, where G is the simple connected Lie group with the Lie algebra g. Notice that Φ is even-transitive iff the image of g in H 0 (M 0 , (T M )0) generates the tangent space T x (M) at any point x ∈ M 0 . In this paper we will consider the case M 0 = CP 1 . Therefore, the classification problem reduces to the following problem: to classify up to isomorphism complex supermanifolds M of dimension 1|m, m ≤ 3, such that H 0 (M 0 , (T M )0) generates the tangent space T x (M) at any point x ∈ M 0 . Recall that a supermanifold M is called split if O M ≃ E, where E is a sheaf of sections of a vector bundle E over M 0 . In this case dim M = n|m, where n = dim M 0 and m is the rank of E. The structure sheaf O M of a split supermanifold possesses by definition the Z-grading; it induces the Zgrading in T M = m p=−1 (T M ) p . Hence, the superspace H 0 (M 0 , T M ) is also Z-graded. Consider the subspace End E ⊂ H 0 (M 0 , T M ) 0 consisting of all endomorphisms of the vector bundle E, which induce the identity morphism on M 0 . Denote by Aut E ⊂ End E the group of automorphisms containing in End E. We define an action Int of Aut E on T M by IntA : v → AvA −1 . Since the action preserves the Z-grading, we have the action of Aut E on H 1 (M 0 , (T M ) 2 ). We can assign the split supermanifold gr M = (M 0 , O gr M ) to each supermanifold M, see e.g. [2] . It is called the retract of M. To classify supermanifolds, we will use the following corollary of the well-known Green Theorem (see e.g. [2] for more details). 
Remark. This theorem permits to classify supermanifolds M such that gr M is fix up to isomorphisms which induce identity morphism on gr M.
In what follows we will consider the case M 0 = CP 1 . Let M be a supermanifold of dimension 1|m. Denote by U 0 and U 1 the standard charts on CP 1 with coordinates x and y = 1 x respectively. By the Grothendieck Theorem we can cover gr M by two charts (U 0 , O gr M | U 0 ) and (U 1 , O gr M | U 1 ) with local coordinates x, ξ 1 , . . . , ξ m and y, η 1 , . . . , η m , respectively, such that in U 0 ∩ U 1 we have
where k i , i = 1, . . . , m, are integers. We will identify gr M with the set (k 1 , . . . , k m ). Note that a permutation of k i induces the automorphism of gr M. It was shown that any supermanifold gr M is even-homogeneous, see [2] , Formula (18). The following theorem was also proved in [2] , Proposition 14:
Theorem 2. Assume that m ≤ 3 and M 0 = CP 1 . Let M be a supermanifold with the retract gr M = E, which corresponds to the cohomology class
The following conditions are equivalent:
There is a subalgebra a ≃ sl 2 (C) such that
and
Here E is the vector bundle corresponding to the locally free sheaf E. From now on we will omit the index gr M and will denote by T the sheaf of derivations of O gr M . Recall that the sheaf O gr M is Z-graded; it induces the Z-grading in T = p T p . Denote by
) the subset of a-invariants, i.e. the set of all elements w such that [v, w] = 0 for all v ∈ a. The supermanifold corresponding to a cohomology class γ ∈ H 1 (CP 1 , T 2 ) a by Theorem 1 is called a-even-homogeneous. The description of subalgebras a satisfying (1) up to conjugation by elements from Aut E and up to renumbering of k i was obtained in [2] :
. Assume that m = 3. Let M be a split supermanifold, M 0 = CP 1 be its reduction and T be its tangent sheaf. In [2] the s-invariant decomposition
was obtained. The sheaf T ij 2 is a locally free sheaf of rank 2; its basis sections over (U 0 , O M | U 0 ) are:
where l = i, j. In U 0 ∩ U 1 we have
Let us calculate a basis of
). We will use theČech cochain complex of the cover U = {U 0 , U 1 }. Hence, 1-cocycle with values in the sheaf T ij 2 is a section v of T ij 2 over U 0 ∩ U 1 . We are looking for basis cocycles, i.e. cocycles such that their cohomology classes form a basis of
is a linear combination of vector fields (3) with holomorphic in U 0 ∩U 1 coefficients. Further, we expand these coefficients in a Laurent series in x and drop the summands x n , n ≥ 0, because they are holomorphic in U 0 . We see that v can be replaced by
where a n ij , b n ij ∈ C. Using (4), we see that the summands corresponding to n ≥ k i + k j − 1 in the first sum of (5) and the summands corresponding to n ≥ k i + k j in the second sum of (5) are holomorphic in U 1 . Further, it follows from (4) that
Hence the cohomology classes of the following cocycles
generate
. If we examine linear combination of (6) which are cohomological trivial, we get the following theorem.
is given by
2 ) = {0}. Note that the similar method can be used for computation of a basis of H 1 (CP 1 , T q ) for any m and q.
Basis of H
Denote by [z] the cohomology class corresponding to a 1-cocycle z.
Theorem 4. Let us fix i < j and l
Proof. We have to find out highest vectors of the s-module
2 ) having weight 0. By Propositions 8 and 9 of [2] , any cocycle z from the Theorem 3 fulfils the condition [h, z] = λz. More precisely,
If we examine linear combination w of these cocycles such that [e, w] ∼ 0, we obtain the result of the Theorem.
Then we have the following possibilities:
2) (k 1 , k 2 , k 3 ) = (2, 2, 3) and a basis of
and a basis of H 1 (CP 1 , T 2 ) s ′ is given by the following cocycles: [2] . Furthermore, in [2] the following theorem was proved, see Proposition 22.
2) (k 1 , k 2 , k 3 ) = (3, 3, 3) and the basis of
Classification of even-homogeneous supermanifolds
In Section 4 we calculated a basis of
s ′′ , which were calculated in [2] . In this section we will complete the classification of even-homogeneous supermanifolds, i.e. we will find out, which vectors of these spaces belong to different orbits of the action of Aut E on H 1 (CP 1 , T 2 ). Let (ξ i ) be a local basis of E over U 0 and A be an automorphism of E. Assume that A(ξ j ) = a ij (x)ξ i . In U 1 we have
Therefore, a ij (x) is a polynomial in x of degree no greater than k j − k i , if k j − k i ≥ 0 and 0, if k j − k i < 0. We will denote by b ij the entries of the matrix B = A −1 . The entries are also polynomials in x of degree no greater than k j − k i . We will need the following formulas:
where i < j, l = i, j, r = k, s and b 1. Assume that
as sets. Then there exists a unique up to isomorphism s-even-homogeneous non-split supermanifold with retract
, which correspond to the cocycle
There exist two up to isomorphism s-even-homogeneous non-split supermanifolds with retract (−2, 0, 4). The corresponding cocycles are
Proof. Since m = 3, the number of different pairs i < j is less than or equal to 3. It follows from the Theorem 4 that dim
Let us take A ∈ Aut E = GL 3 (C). Recall that Int A(z) = AzA −1 . The direct calculation shows, see (12) , that in the basis
Note that for any matrix C ∈ GL 3 (C) there exists a matrix B such that
Obviously, it exists a matrix D ∈ GL 3 (C) such that D(z) = (0, 0, 1). Therefore, in the case (2, 2, 2) there exists a unique up to isomorphism s-even-homogeneous non-split supermanifold given by the cocycle
Let us consider three cases.
s is generated by two cocycles from the item 1 of Theorem 4. Obviously, we may consider only the case k 1 +k 2 = 4,
. The group Aut E contains in this case the subgroup H:
Let us take A ∈ H, denote
. Using (12) or (13) we see that the operator Int A is given in the basis v 1 , v 2 by:
Obviously, for any cocycle z = (−β, α) = 0 there exists a matrix C ∈ GL 3 (C) such that C(z) = (0, 1). Therefore, in the case (4 − k, k, k) there exists a unique up to isomorphism s-even-homogeneous non-split supermanifold given by the cocycle
s is generated by two cocycles from the item 2 of Theorem 4. We may consider only the case k 1 +k 2 = 2,
, where α, β ∈ C. As above, the group Aut E contains the subgroup H given by (14). As above using the basis
, we show that in the case (2, 0, 0) there exists a unique up to isomorphism s-even-homogeneous non-split supermanifold given by the cocycle
s is generated by one cocycle from the item 1 and by one cocycle from the item 2 of Theorem 4. We may consider only the case
for certain α, β ∈ C. Let us take A ∈ Aut E. Using Theorem 3 and 12, we get In the case dim H 1 (CP 1 , T 2 ) s = 1 we may use the following proposition proved in [4] . 
, which correspond to the cocycles
2. There exists a unique up to isomorphism s ′ -even-homogeneous non-split supermanifold with retract a) (2, 2, k), k = 1, 3, which corresponds to the cocycle
, which corresponds to the cocycle
d) (1, 1, 0), which corresponds to the cocycle
Proof. By Theorem 5 and Proposition 1 we get 2. Let us prove 1.a Denote by z a linear combination of cocycles (7). Let us take A ∈ Aut E. Using (12), we get:
Consider the subgroup H = {diag(a 11 , a 11 , a 33 , )} of Aut E and A ∈ H. Again a direct calculation shows that in the basis Theorem 9. [Classification of s ′′ -even-homogeneous supermanifolds.] There exist a unique up to isomorphism s ′′ -even-homogeneous non-split supermanifold with retract (2, 2, 2), which corresponds to the cocycle (10); and with retract (3, 3, 3) , which corresponds to the cocycle (11).
Proof. It follows from Theorem 6 and Proposition 1.
Comparing Theorems 7, 8 and 9, we get our main result:
Theorem 10. [Classification of even-homogeneous supermanifolds.]
1. There exist two up to isomorphism even-homogeneous non-split supermanifolds with retract a) (2, 2, 1), which correspond to the cocycles 
a) Assume that
{k, 4 − k, k 3 } = {−2, 0, 4}, {2, 2, 1}, {2, 2, 3}, {2, 2, 2}.
Then there exists a unique up to isomorphism even-homogeneous non-split supermanifold corresponding to the cocycle
